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We prepare packings of frictional tetrahedra with volume fractions φ ranging from 0.469 to 0.622
using three different experimental protocols under isobaric conditions. Analysis via X-ray micro-
tomography reveals that the contact number Z grows with φ, but does depend on the preparation
protocol. While there exist four different types of contacts in tetrahedra packings, our analysis
shows that the edge-to-face contacts contribute about 50% of the total increase in Z. The number
of constraints per particle C increases also with φ and even the loosest packings are strongly hy-
perstatic i.e. mechanically over-determined with C approximately twice the degrees of freedom each
particle possesses.
PACS numbers: 45.70.Cc,45.70.-n,61.43.-j,81.70.Tx
FIG. 1. From left to right: Close-up view of the surface
of an experimental tetrahedra packing; Rendering of X-Ray
Computed-Tomography data; Representation by exact tetra-
hedra, colored by orientation. (Color online)
Introduction. – The jamming paradigm [1, 2] provides
a unified viewpoint on the onset of mechanical stability in
particulate soft matter systems such as wet foams, emul-
sions, and colloids. All those systems are composed of
frictionless spherical particles, consequentially they share
the existence of a critical volume fraction φJ ≈ 0.64
where the system becomes isostatic, i.e. the number of
constraints imposed by the contacts corresponds to the
degrees of freedom of the particles. Higher densities can
only be achieved by increasing the pressure which leads
to excess contacts; these excess contacts then determine
the mechanical properties of the system.
Granular matter differs in two ways from these sys-
tems. First, its nonzero surface friction µ allows for tan-
gential forces at particle contacts. These result in me-
chanically stable packings over a range of φ at any given
pressure. Such packings differ in their structure, not their
compression. However, one can still define a meaningful
distance to isostaticity [3, 4].
Second, most real world granular materials like sand,
sugar or soil are not spherical. Only quite recently the
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jamming approach has been applied to frictionless ellip-
soids [5, 6] and tetrahedra [7]. Tetrahedra provide besides
jamming a number of other interesting packing problems
like the existence of quasi crystals [8] or the quest for the
densest packing [9–11], which presently is believed to be
a “dimer crystal” with φ ≈ 0.8563 [12]. However, ex-
perimental packings of (necessarily) frictional tetrahedra
explore a much lower range of φ [13].
From a jamming point of view, tetrahedra introduce
a new element: unlike spheres they have four different
types of contacts: face to face, edge to face, edge to edge,
and vertex to face. Nevertheless, previous numerical re-
sults have found frictionless uncompressed packings of
tetrahedra to be isostatic [7, 14, 15]; the same result has
been reported by the only experiment so far on this topic,
where the contact numbers of frictional tetrahedral dice
were determined[16].
In this letter, we use X-ray tomography to determine
the particle positions and orientations inside tetrahedra
packings. In contrast to reference [16], even our loosest
packings are highly hyperstatic. We also show that the
contact numbers are protocol-dependent.
Experimental setup. – The tetrahedral particles in our
study are produced by injection moulding of polypropy-
lene, and have a side length of a = 7 mm (see Fig. 1
left). The typical radius of curvature of edges and cor-
ners is 150 ± 50µm which corresponds to 2.5% of a
(for tetrahedral dice, as used in [13, 16], this ratio is
6-8%). All particles have small mold marks on one of
the 6 edges, the height of this protrusions amounts to
300µm at maximum [17]. The particles have a coeffi-
cient of friction µ = 0.87± 0.03, which is measured using
a tilted plane and finding the angle at which face-to-face
contacts start to slide past each other (tetrahedral dice:
µ = 0.22± 0.04).
In order to explore the structure of tetrahedral pack-
ings at different densities, we compactify them by verti-
cal shaking. We start from initially loose packings which
are prepared by filling 14406 particles via a slowly lifted
funnel into a cylinder of inner diameter D = 104 mm
(≈ 15 a). This method creates packings with φ between
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20.469 and 0.470, the lowest values found in this study.
An electromagnetic shaker (LDS V555) then applies si-
nusoidally shaped pulses (“taps”) with a width of 50 ms
and a repetition rate of 3 Hz. The peak acceleration Ap
per tap is measured at the base plate of the container
(Kistler 8763B) and reported in units of the dimension-
less acceleration Γ = Ap/g (where g = 9.81m/s
2).
A laser distance scanner (MicroEpsilon ILD1402)
mounted on a translation stage measures the surface
height profile after shaking; from this profile the corre-
sponding φ is computed using calibration measurements
from tomographic reconstruction. This results in an
accuracy of the reported φ values of ± 0.003. Tomo-
grams of the prepared packings are acquired using X-ray
Computed Tomography (GE Nanotom) with a tungsten
target and 120 kV acceleration voltage. Each dataset
comprises 1152×1152×1076 voxels with a resolution of
100µm/voxel.
Preparation protocols. – We use three different prepa-
ration protocols. The first one will be referred to as TAP:
Starting from a loose packing, a number of taps ranging
from 101 to 105 with a constant acceleration Γ = 2 is ap-
plied. As Fig. 2b and Fig. 2a show, the packing fraction
increases monotonely with the number of taps, reaching a
steady state after approximately 104 taps with a packing
fraction φss.
Our second protocol RAMP is intended to study the
possible range of steady state volume fractions φss. Fol-
lowing Nowak et al.[18], the tap intensity Γ is increased
stepwise from 0.25 to 5, decreased back to 0.25, and
increased to 5 again. At each step, 104 taps are ap-
plied and the resulting φss is measured. The evolution
of φss is depicted in Fig. 2c, and comprises the following
regimes: The loose packing irreversibly compacts when
Γ is increased from 0.25 to 1.5, but dilates again when
the acceleration is further ramped to up Γ = 5, leading
to φss ≈ 0.56. Subsequently, decreasing the tap intensity
down to Γ = 0.25 creates a dense packing with φss ≈ 0.61.
Increasing Γ again to 5.0 demonstrates the reversibility
i.e. no hysteresis. We refer to the end points of the re-
versible branch as RAMPΓ=0.25 and RAMPΓ=5 in our
tomograhic analysis.
The third preparation protocol VIB is inspired by epi-
taxial growth: particles are deposited at a rate of approx.
15/second, while continuous sine vibration at 100 Hz and
Γ = 5 is applied; a similar method has been employed
to create dense packings of ellipsoids [19]. Protocol VIB
creates the densest packings in our study with φ = 0.622.
Apparently the slow deposition and the continuous agi-
tation of the surface layer enables the particles to explore
more effectively the configurational phase space and thus
find configurations with lower potential energy.
Our range of mechanically stable packings of φ = 0.469
to 0.622 is in accordance with the range of φ = 0.48
to 0.64 found previously for tetrahedral dice and ce-
ramic tetrahedra particles prepared by shaking and a
water-fluidized bed [13]. Our range of volume fractions
is however significantly lower than the single values of
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FIG. 2. (a) Protocol TAP: Tapping at Γ = 2 compacts the
sample until it reaches a steady state after approximately 104
taps (two independent runs are shown). (b) By stopping after
a given number of taps, we obtain 13 different samples which
we analyze by tomography. (c) Protocol RAMP: At each ac-
celeration step, the packing is tapped 104 times. Open circles
(green): initial, irreversible compaction. Open downward tri-
angles (orange): decreasing acceleration. Filled upward tri-
angles (violet): increasing acceleration. Packings at points
RAMPΓ=0.25 and RAMPΓ=5 are analyzed via tomography.
All error bars are averaged over 4 independent runs. (Color
online)
φ = 0.76± 0.02 [16] and φ = 0.749± 0.004 [20] reported
for packings of tetrahedral dice. It has been found that
weakly truncated corners do not increase maximal pack-
ing fraction [21], and rounded corners even decrease the
packing fraction [20]. As the dice have more rounded cor-
ners than our particles, the most likely explanation for
the higher φ in [16, 20] are different values of friction.
Tomography analysis. – Tomographic reconstruction
of the packings allows us to investigate the geometrical
properties of the packing by recording the positions and
orientations of all tetrahedra. The numerical analysis
of the volume data is based on an iterative two-step al-
gorithm: first, the approximate positions of the parti-
cle centroids are computed through the local maxima of
cross-correlation with an inscribed sphere with inradius
Ri = a/(2
√
6). Second, the orientation and exact po-
sition of each particle are determined using a steepest
ascent gradient search. Detected particles are removed
from the volume and the process is repeated with evenly
3gridded starting positions, until no more matches are pos-
sible. This approach succeeds in detecting more than
99.8% of all tetrahedra (final reconstruction illustrated
in Fig. 1 right). More details can be found in the supple-
mentary materials. The further analysis is restricted to
an inner cylindrical region with diameter 11 a and height
11 a, containing 4062 to 5342 particles (depending on φ).
The vertical variation of the local packing fraction in this
core region is smaller than 0.002. The particle coordi-
nates of all 22 experiments reported here can be down-
loaded from the Dryad repository [22].
Structural correlations. – A structural measure used
both in jamming and in liquid theory is the pair correla-
tion function g(r), which counts the number of neighbors
at a given distance r, normalized by the binning volume
and the average density. Fig. 3a shows g(r) for a range
of φ. The first peak is located at r = 0.44a (dashed line)
and grows monotonely towards denser packings, indicat-
ing an increase of face-to-face contacts.
The peak location is close but not identical to the min-
imal possible distance of 2Ri = rmin ≈ 0.408a. Unlike
the g(r) of sphere packings, the left shoulder of the first
peak has intrinsically a finite slope. This feature is a con-
sequence of the lower probability of perfect face-to-face
alignment compared to either slightly shifted face-to-face
or low angle face-to-edge contacts. One consequence of
this specific shape of the peak is that compressed pack-
ings of soft tetrahedra will not show the same square
root scaling of contact number with volume fraction as
observed in sphere packings [2].
g(r) decays quickly after the first peak, showing no
long-range translational ordering. This is in contrast to
the g(r) obtained from Monte Carlo (MC) simulations of
tetrahedra[8, 15] which revealed long-range structure at
densities as low as φ = 0.46. The difference can be ex-
plained by the preparation: the MC simulations prepare
packings without gravity and friction by slow compres-
sion of a liquid phase. In contrast our frictional samples
start to jam due to gravity at φ ≈ 0.47, after which geo-
metric frustration and pressure in the pile restrict further
alignment.
The orientational order can be quantified with an an-
gular correlation function F (r) (depicted in Fig. 3b),
which measures the average relative orientation of face
normals[16]. F (r) is computed by averaging Fql for all
pairs of tetrahedra q and l whose centers have the dis-
tance r. Fql is defined as the minimum of the pairwise
dot product of the 4 face normals ~nq and ~nl:
Fql = min(~nq,1...4·~nl,1...4). F (r) reaches 180◦ for a perfect
face-to-face configuration and 150◦ for a random config-
uration. The angular correlations extend further which
is in good accordance with previous experiments[16] and
numerical results[7]. The development of a shoulder for
the densest packing, starting at r/rmin ≈ 1.6 may indi-
cate an increase of trimers (3 tetrahedra aligned face-to-
face), having a ideal centroid distance of 1.63 r/rmin.
Contact numbers. – In order to study the origin of
mechanical stability, we determine the average contact
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FIG. 3. (a) Pair correlation function g(r) for different packing
fractions. Offsets have been added for improved visibility. (b)
Angular face correlation F(r). (Color online)
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FIG. 4. Average contact number Z as a function of packing
fraction φ for different preparation protocols. (Color online)
number Z of the tetrahedra. As we cannot distinguish
real contacts from close neighbors based on local force
measurements [23], we determine Z from a model based
fitting method introduced by Aste et al. [24] for sphere
packings. The supplementary material provides more de-
tails on this approach which does account for the finite
resolution of tomography and detection.
The resulting contact numbers at different densities
and for the different preparation protocols are shown in
Fig. 4. The packings prepared by TAP show Z increas-
ing monotonely with φ. The contact numbers of the two
densest packings, RAMPΓ=0.25 and VIB, remain con-
stant compared to the densest TAP sample. However,
the packings prepared by RAMPΓ=5 deviate distinctly:
For comparable φ, contact numbers are approx. 1.0 lower,
confirming the influence of the preparation protocol. The
initial loose packings show variations in Z of the order
0.5.
Constraints. – Contrary to spheres, Z is not suf-
ficient to evaluate the distance to isostaticity, because
4the number of mechanical constraints fixed by a contact
depends on the specific contact geometry. Tetrahedra
have 4 different types of contacts: face-to-face (F2F) con-
tacts, which are mechanically equivalent to 3 individual
point contacts, edge-to-face (E2F) contacts (equivalent
to two point contacts) and the vertex-to-face (V2F) and
edge-to-edge (E2E) contacts which correspond to a sin-
gle point contact. All contacts impose 3 translational
constraints, E2F contacts add 2 rotational constraints,
F2F contacts probibit 3 different roationss. As these
constraints are shared between two tetrahedra, we ob-
tain the constraint numbers CF2F = 3.0, CE2F = 2.5,
and CV 2F = CE2E = 1.5 (for more details please see
supplements). Multiplying these numbers with the ac-
cording type-specific contact numbers gives the number
of constraints per particle C. For an isostatic packing C
needs to be equal to the degrees of freedom each particle
possesses, in the case of tetrahedra this number is 6 [25].
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FIG. 5. Top: Number of different contacts per particle
as a function of packing fraction. The number of edge-to-face
(E2F) contacts increases stronger than the other three contact
types. Bottom: Variation of the number of constraints per
particle with packing fraction. The isostatic limit corresponds
to 6 constraints per particle. (Color online)
The contact type are determined by using the adjacent
face-to-face-angle αFF of each pair of contacting tetra-
hedra. We e.g. classify a contact as F2F if αFF is in the
range 176.9◦ to 180◦. The lower threshold of this range is
based on an experimental calibration: We prepare a sam-
ple with 90 single face-to-face contacts and measure the
cumulative distribution of αFF in this particular sample.
This distribution is well described by an error function
with a point of inflexion at m = 178.2◦ and a standard
deviation σ = 1.3◦, suggesting an optimal threshold at
m − σ. Please see the supplementary material for full
data and methods.
Figure 5 shows that the number of all four types of
contacts increases with φ. More specifically, the growth
of the E2F contact number contributes about half of the
total increase in Z. Together, the number of constraints
per tetrahedra is between 12 and 18 and therefore much
higher than the isostatic limit of 6. While this result
does not contradict the isostatic packings found in sim-
ulations of frictionless tetrahedra [7, 14, 15], there is a
clear disagreement with the experiments using frictional
dice reported in [16]. There, however, the authors use
the contact-specific constraint numbers pertinent to fric-
tionless particles. If the contacts are treated as frictional,
the result will also be a hyperstatic packing. See also the
discussion in [14].
Both, the fact that tetrahedra packings are hyperstatic
and that C is not only a function of φ but does also de-
pend on the packing protocol, necessitate expansions of
contemporary theoretical approaches to static granular
media. E.g. the statistical mechanics approach to sphere
packings by Song et al. assumes a single inverse relation-
ship between the mean free volume and contact number,
independent of preparation details [26]. Similarly, the
jamming paradigm [1, 2] is based on proximity to the
isostatic point and a power law relationship between Z
and φ.
Conclusion. – We have shown that in jammed pack-
ings of frictional tetrahedra both the contact number and
the number of mechanical constraints per particle C grow
monotonely with the packing fraction and depend on the
preparation history. Contrary to earlier results, all pack-
ings were strongly hyperstatic with C between 12 and 18
while each particle has only 6 degrees of freedom. Our
experiments involve non-spherical particles and consider
friction explicitly, thus providing experimental support
for extending the jamming paradigm towards real world
granular media.
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1 Particle detection
1.1 Preprocessing
A typical reconstructed volume dataset consists of 1152x1152x1076 voxels with a spatial
resolution of 100µm per voxel. Figure 1 shows a cut through the central x-z-plane, where
the region of interest (ROI) is marked with a rectangle. Note that the particles outside this
region are detected as well, but only particles inside the ROI are used in further analysis.
The first step is a radially varying binarization using Otsu’s threshold [3], which accounts
for the radial brightness decay typically observed in our tomograms.
The second step removes shrinkage cavities, which are inherent to injection molding,
as follows:
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Figure 1: Exemplary volume slice at central x-z-plane (y = 53 mm). The inner region of
interest (ROI) used for analysis is shown as an orange rectangle. The cylinder walls are
visible, the container bottom is approx. 10 mm below.
1. Inverting the binary image
2. Identifying connected white regions using the MATLAB labeling algorithm bwlabeln
[4].
3. Removing regions with voxel volume < 20000 (hole size threshold)
4. Inverting the image again
2
1.2 Positions
The approximate centroid positions of the tetrahedra with sidelength a = 7 mm are de-
tected by cross-correlation of a sample sphere with the binarized volume. The radius of
the sphere is set to the tetrahedra inradius Ri = a/(2
√
6) which corresponds to 14 integer
voxels. Thresholding the resulting correlation volume with .98 of the maximum value re-
sults in a set of Nc center regions, whose centroids ~ci (i = 1...Nc) are good estimates for
the tetrahedra centroids.
1.3 Orientation
To find the orientation of the individual tetrahedra, we use a binary model tetrahedron M
which we grow, translate and rotate while maximizing the voxel overlap with the binary
tomography data V (see Fig. 2). The binary images M and V are defined as functions
which map from R3 to the interval [0, 1]. Note that while V is defined in the complete
volume, M contains only one tetrahedron with a much smaller definition domain Dm.
Figure 2: Sketch of model M (red triangle) and volume V (samples outside M as black
triangles, inside M shaded grey): a voxel x given in coordinates of V is shifted by c into
the origin of M before the convolution is applied. In this example, turning the model a
few degrees counter-clockwise would increase the overlap of model and volume.
This allows to define the overlap as a spatial convolution[6], usually denoted by ∗. The
value of the convolution at a given voxel x ∈ V and given offset c is computed by taking
the sum of pixels of V, weighted by M in the subset Dm, where Dm is shifted by the offset
c:
(V ∗M)(c) =
∑
x=Dm
V(x)M(x− c) . (1)
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Figure 3: From top to bottom: Evolution of
the gradient (solid line) and threshold for con-
vergence (dotted line); orientation (Euler angles
φ, θ and ψ), and position (x,y,z) relative to the
previously detected centroid until convergence.
We implemented a steepest-gradient
search algorithm in MATLAB to ad-
dress the registration problem directly:
The model M is placed at the approxi-
mate centroid position (x,y,z) and set to
a random rotation (given as 3 Euler an-
gles φ, θ and ψ). The objective function
(“Zielfunktion”) to be maximized is the
magnitude of the convolution function
as defined in Eq. 1. In each algorithm
step, the finite gradient approximation
for all 6 parameters is computed, and
a move in the gradient direction is per-
formed. The algorithm starts out with
a shrunk model (sidelength of 4.2 mm
and grows the model to the assumed
sidelength of 7 mm, improving robust-
ness and performance. The convergence
criterium is the magnitude of the gradi-
ent, which is required to be lower than
a pre-defined threshold for more than
20 successive steps (as shown in Fig. 3).
When this exit condition is reached, and
the overlap of model and volume is at
least 96% of the theoretical maximum,
the particle is marked as detected and
removed from the volume.
A typical evolution of the parame-
ters during the detection of one tetra-
hedron is shown in Fig. 3, and Fig. 4.
Convergence is reached typically after
40-80 steps, depending on the initial pa-
rameters and the local neighborhood.
In some cases, particularly in dense
packings with many face-to-face con-
tacts, the particle detection does not
converge in the first place. Therefore, the search may be repeated up to 10 times with
evenly gridded starting positions and random angles, finally achieving a detection rate in
the range of 99.80%-99.95% inside our ROI.
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(a) Step 1 (b) Step 21 (c) Step 41
Figure 4: Snapshots corresponding to the parameter evolution in Fig. 3. The background
depicts cuts through the 3 cartesian directions at the current (x,y,z)-position, projected
outwards for better visibility. Color coding: gray is background (empty space), blue is
tetrahedra-material, orange corresponds to model-tetrahedra-overlap, and red to model-
background-overlap. The foreground shows the current position and orientation of the
model (yellow).
2 Contact analysis
Inter-particle contacts cannot be determined directly from tomographic data because the
result is affected by particle polydispersity, imaging artefacts and the finite accuracy of par-
ticle detection. However, Aste et al. [1] introduced a method that can provide a physically
justified average contact number for spheres of diameter d (assuming that experimental
errors are distributed gaussian). It defines a number of neighboring particles n(r) which in-
cludes all particles with a center to center distance smaller or equal to r. In the case r < d,
n(r) can be described by multipying the average contact number Z with a cumulative
normal distribution Φµ,σ(r):
Φµ,σ(r) =
1
σ
√
2pi
∫ r
−∞
exp
(
−(x− µ)
2
2σ2
)
dx (2)
The mean µ provides an estimate for the bead diameter d, and the variance σ corre-
sponds corresponds to the combined effects of polydispersity and uncertainty of tomogra-
phy and particle detection.
For r > d there is an additional term to ZΦµ,σ(r) which describes the growing contri-
bution from “spurious” contacts: near neighbors which are close but not in contact. The
latter part can be approximated by a linear function flin(r) = m · (r − d) with slope m
combined with the Heaviside step function Θ(r − d), leading to the complete model for
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n(r):
n(r) = Z · Φd,σ + Θ(r − d) · flin (3)
Figure 5 shows an illustration of the model for spheres with a contact number Z = 6.
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Figure 5: Model for the number of apparent neighbors n as a function of the center-to-
center-distance r in a packing of spheres with diameter d and contact number Z = 6. The
resulting contact number can be read off after deconvoluting the function by the scaled
cumulative normal function Φd,σ.
We transfer the model to tetrahedra packings as follows: Instead of counting neighbors
within a distance r, particles are scaled by a “virtual” side length av and the number of
intersections n(av) is counted
1, as shown in Eq. 4:
n(av) = ZΦaµ,σ + Θ(av − aµ) ·m · (av − aµ) (4)
with the estimated sidelength aµ.
Exemplary contact curves for loose and dense packings are presented in Fig. 6. Firstly,
the side length aµ, the contact number Z, the variance σ and the linear slope m are fitted
to the data, using the gnuplot implementation of the non-linear least-squares Levenberg-
Marquardt algorithm. Since particles and experimental setup are identical for all 25 sam-
ples, we determine the average sidelength a¯µ = (7.02± 0.03) mm and the average variance
σ¯ = (0.206± 0.015) mm from all fits ( ± errors are standard deviations). In a second step,
these parameters are fixed, leaving Z and m as the only free parameters.
1A substantial speedup of the analysis is reached by using neighbor cell lists and testing only particles
within a diameter of the circumsphere.
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Figure 6: Contact number analysis of tetrahedra packings for (a) loose and (b) dense
packing. The data from the samples (red triangles) is well approximated by the model
n(av) (solid red line) using only Z and m as fit parameters. Deconvolution into the
cumulative gauss Φaµ,σ (dotted blue line) and the contribution flin allows to read off the
contact number Z (dash-dotted grey line).
2.1 Estimation of error bars
The error estimate ∆Z of the contact number Z can be calculated by the propagation of
error principle: Z is a function of the estimated sidelength a¯µ and the distribution width
σ¯, with the variances ∆a¯µ and ∆σ¯. We denote the errors of the mean values with a˜µ and
σ˜. The error of the mean value, a˜µ, is computed by ts · ∆a¯µ√n (with the Student-t-distribution
factor ts = 2.13 according to n=20 samples and 95% confidence), respectively for σ˜.
The error of Z is then computed as follows:
∆Z =
√(
∂Z
∂a¯µ
· a˜µ
)2
+
(
∂Z
∂σ¯
· σ˜
)2
(5)
where the partial derivates are approximated by the difference quotient approximation
∂Z
∂σ¯
≈ Z(σ¯)− Z(σ¯ + ∆σ¯)
∆σ¯
. (6)
(respectively for σ¯µ).
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3 From contacts to constraints
There are 4 different types of contacts in tetrahedra packings, as table 1 illustrates: face-
to-face (F2F) contacts, edge-to-face (E2F) contacts and the point contact configurations
vertex-to-face (V2F) and edge-to-edge (E2E). Vertex-Vertex or Vertex-Edge contacts are
not observed in practice.
The number of constraints fixed at a specific type of contact is best evaluated by a
thought experiment where one of the two particles is kept fixed. In the presence of fric-
tion, all contact types will then block three translational degrees of the second tetrahedra:
one normal and two tangential. The contact types do however differ in the amount of
blocked roational degrees. A frictional face-to-face contacts blocks 3 rotations: one around
the surface normal (by friction) and 2 rotations around the two axis standing perpendic-
ular on the surface normal (by non-overlap). An E2F contact blocks only one rotation
perpendicular to the surface normal. Finally the pointlike contacts V2F and E2E don’t
block any rotation at all. As the constraints are shared between two tetrahedra, we obtain
the constraint multipliers CF2F = 3.0, CE2F = 2.5, and CV 2F = CE2E = 1.5. Multiplying
these numbers with the according type-specific contact numbers in a specific configuration
gives the number of constraints per particle C.
Type face-to-face edge-to-face vertex-to-face edge-to-edge
Example
Constrained
DOF 3 trans. & 3 rot. 3 trans. & 2 rot. 3 translational 3 translational
Constraints
per Particle 3.0 2.5 1.5 1.5
Table 1: From top to bottom: Contact geometries as classified from a experimental tetra-
hedra packing; constrained DOF; constraint multipliers CF2F , CE2F , CV 2F , CE2E;
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Figure 7: The side length ac with n(ac) = Z is given by the intersection of the model n(av)
with Z.
3.1 Analysis of the contact geometry
In order to determine local contact geometries, all tetrahedra of one sample are scaled
to the “contacting” side length ac, which makes the corresponding n(ac) = Z consistent
(see Fig. 7). Then the pairwise contact geometry of all tetrahedra with their intersecting
neighbors is analysed.
Our classification algorithm starts by checking the face-to-face angle αFF , defined as
cos−1(min(nqi · nkj )) for two contacting tetrahedra q,k, and all face pairs i, j ∈ [1..4] (see
also [2, 5]). Visually speaking, this is the angle between normals of adjacent faces, which
is 180° for perfect alignment. Because of our finite resolution, we classify a contact as F2F
if αFF is higher than a certain threshold value α
min
FF .
3.1.1 Threshold choice for F2F and E2F contacts
It has been shown[5] that an arbitrary choice of αminFF can lead to a physically infeasible
constraint number[2], therefore the threshold must be chosen carefully. To this aim, five
different samples containing only face-to-face contacts (“F2F sample”) are prepared by
glueing one tetrahedron corner-down to a plate and adding another tetrahedron face-down
on the top face of the first. A tomographic reconstructions of one of the samples is shown in
Fig. 8a and the cumulative distribution of αFF from all samples (containing 90 tetrahedra
pairs) is given in Fig. 8b. We find that a cumulative normal function as in Eq.2 with mean
µ = 1.8° and variance σ = 1.3° is a good model for the distribution of the face-to-face
angle αFF .
We therefore chose the threshold αminFF = 3.1°. This also applies for the classification
9
(a) Tomographic reconstruction of a F2F sample
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Figure 8: Sample containing only F2F contacts for determination of threshold αminFF .
of an edge-face contact, that is, the angle enclosed between an edge and a face in contact
must be smaller than αEF = α
min
FF . Vertex-to-face contacts can be identified by analysing
if one vertex of tetrahedron A is inside the contacting tetrahedron B (these intersections
are possible due to the scaling to ac). Any remaining contacts can then be ascribed to
edge-to-edge contacts.
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